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The asymptotic behaviour of the number of trees with a 1-factor is determined for various 
families of trees 
1. Introduction 
A set of edges in a graph is independent if no two of them have a node in 
common. A 1-factor in a graph GEm with 2m nodes is an independent set of m 
edges. (For definitions not given here see, e.g., [7].) Ttate [17] gave a necessary 
and sufficient condition for a graph to have a 1-factor, and Erd6s and R6nyi [6] 
showed that almost all graphs G2,,, with m log m + to(m)m edges have a 1-factor if 
co(m)--~  as m--~ ~. Clarke [4] and Caro and Sch6nheim [3] formulated a simple 
necessary and sufficient condition for a tree to have a 1-factor. Our object here is 
to enumerate the trees with a 1-factor for various families of trees. 
We give some preliminaries in Section 2. Then we consider simply generated 
families in Section 3 and rooted and unrooted unlabelled trees in Sections 4 and 
5. It follows from our results for these families that the probability that a tree TEn, 
with 2m nodes has a 1-factor is asymptotic to tefl '~ where oc and fl are constants 
that depend on the family being considered. We also state without proof some 
analogous results on trees TEm+I that contain an independent set of m edges. 
2. Preliminaries 
Let Yn denote the number of trees Tn in a given family ,~ of rooted trees; if 
there are weights associated, with trees in ,~, then each tree is counted according 
to its weight in these definitions. The family ~ is a simply generated family if the 
generating function Y = E~ Ynx ~ satisfies a relation of the type 
Y-  xc~(g), (2.1) 
where 
~(Y)= 1+ qblY+ ~2Y 2+- - .  
is a power series in Y with non-negative coefficients. This implies that the trivial 
tree T~ is in ~ and that any non-trivial tree T~ in ~ can be constructed from an 
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ordered collection of smaller trees in ~---called the branches of Tn n by joining 
their roots to a new node r that serves as the root of Tn. The factor x in relation 
(2.1) takes the root-node r into account and the coefficients 4i determine weights 
associated with the trees in ~. (For further elaboration of this last point see [9, p. 
999].) Two familiar examples of simply generated families are the labelled trees 
and the plane trees for which 4~ = 1/i! and 4~ = 1, respectively, for i i> 1. 
In the next section we shall use the following result which is equivalent o a 
result proved in [9, Theorem 3.1]; a closely related result was proved earlier in 
[131. 
Lemma 1. Suppose O(t)= O0 + Od + 02t 2 +""  is a regular function of t when 
[t I < R <- +o~, and let F = F(z) = F~z + F2z 2 +. . .  denote the solution of F(z) = 
zO(F(z)) in the neighbourhood of z = O. I f  
(i) Oi >~ O for i >~ O, 
(ii) 00 > 0 and Oj >_ 0 and Oj > 0 for some distinct positive integers i and j such 
that g.c.d. (i, ]) = 1, and 
(iii) vO'(v) = O(v) for some v, where 0 < v < R, then 
Fm atS-mm -3 ~ (2.2) 
as m--->oo, where 6 = v/0(v)  and a = V'O(v)/2~O"(v). 
We shall refer to any rooted tree T2m that has a 1-factor as an E-tree; and we 
shall refer to the trivial tree T~ or to any non-trivial rooted tree T~n+l each of 
whose branches has a 1-factor as an 0-tree. Similarly, an E-branch or an O-branch 
is a branch that is an E-tree or an 0-tree. In enumerating E-trees we shall make 
use of the following almost obvious result. 
Lemma 2. A rooted tree T is an E-tree if and only if it has one O-branch and the 
remaining branches are E-branches. 
3. Results for simply generated families 
We assume in this section that ~ is some given family of simply generated 
trees. We also assume that the function 4 that appears in Eq. (2.1) satisfies the 
hypothesis of Lemma 1 with 40 = 1 and that, in particular, r4'(17)= 4(r )  for 
some lr, SO that  
Yn ~ cp-nn -~ 
as n---~ oo, where p = 17/4(17) and c= V4(17)/2~4"(17 ). We further assume that 
41>0,  (3.1) 
for if 41 = 0 then no tree in ~ has a 1-factor. (Let v denote any end-node at 
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maximal distance from the root of any tree T2~ in ~ and let u denote the node 
joined to v; if ~1 = 0 then no node in T2m is incident with precisely one edge 
leading away from the root, so u must be jointed to at least one other end-node 
w. But the unique edges incident with v and w are not independent, so T2,, could 
not have a 1-factor.) 
We now consider the generating functions F (z )= ETF,,,z" and G(z)= 
~ Gmz m, where Fm denotes the number of E-trees T2m in ~ and Gm denotes the 
numberiof 0-trees T~+I in ~. 
Theorem !. F(z )  = z¢(F (z ) )  . ¢ ' (F (z ) ) .  
Proof. It follows readily from the definitions and relation (2.1) that the number 
of 0-trees T2m+l with k branches (all of which are E-branches) equals the 
coefficient of' z m in ~kFk(z ) ,  for k I> 0; consequently, 
G(z)  = ~ dpkFk(z)= q~(F(z)). (3.2) 
0 
Now an E-tree with k branches must have one 0-branch and k - 1 E-branches, 
by Lemma 2. Hence, the number of E-trees T2m with k branches equals the 
coefficient of Z ra in Zk~kG(Z)  . Fk- l (z ) .  
The factor k counts the number of positions the single 0-branch could occupy 
and the factor z brings the exponent of z up to one-half the total number of nodes 
involved (the root of T2m and the root of the 0-branch would not be taken into 
account othe.rwise). It follows, therefore, that 
F(z )  = zC(z )  kekFk- ' ( z )  = zC(z )  . ¢'(F(z)). 
1 
This implies the required result in view of (3.2). [] 
We now determine the asymptotic behaviour of the numbers Fro. 
Theorem 2. Let O(t) = dp(t) . dp'(t). Then v0'(v) = O(v) 
0< v< ~:, and 
Fm ~ a6-mm-3/2 
as m-->o% where 6 = v/O(v) and a = ~/O(v)/2~O"(v). 
for some v, where 
(3.3) 
Proof. We have assumed that the function ~(t) satisfies the hypothesis of Lemma 
1; we want to show that this implies that the function O(t) = ~(t). ~'(t) does also. 
Condition (i) obviously holds, and that condition (ii) holds follows readily from 
the corresponding condition for ~(t) and the assumption that cp~ > O. 
To establish condition (iii), consider the function 
fl(t) = tO'(t) - O(t) = tep"(t)C(t) + t(¢'(t)) 2 -  ¢(t)¢'(t). 
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Since fl'(t)= tO"(t)>0 for 0 < t<R,  it follows that fl(t) is a strictly increasing 
function for 0 ~< t < R. Now fl(0) = -¢o~ = -~1 < 0; furthermore, fl(z) = 
z¢"(~)¢(~) >0,  since z¢ ' (v )= ¢(v). This implies that the equation f l(t)=0 has 
a unique solution t = v where 0 < v < ~. Thus condition (iii) is satisfied, and 
conclusion (3.3) follows immediately upon applying Lemma 1 to the function 
F(z) = zO(F(z)). [] 
We remark without proof that relation (3.2) implies that 
Gm ~ ~(v)Fm as m--->~. (3.4) 
Let H(z) = ~ Hm zm, where Hm denotes the number of trees T2m+l in ~ that 
contain an idependent set of m edges. (Notice that the set is not necessarily 
unique and that the root of T2m+l may or may not be incident with an edge in the 
set.) It can be shown by a somewhat more complicated argument, the details of 
which we omit, that 
H = G + z(¢ ' (F) )  2 (H -  G) + ½zdp"(F). G(2H - G), 
or, equivalently, that 
1 dp(F)dp"(F) 
H = G + • zF'. (3.5) 
2 
This implies, under the same assumptions as before, that 
1 ¢(V)¢"(v) 
Hm-~ ~'(v)  "mFm as m--->oo. (3.6) 
We conclude this section by illustrating the preceding results for two particular 
simply generated families of trees. Let ~ denote the family of rooted labelled 
trees; it is well-known (see, e.g. [11] or [14]) that Y = xe Y and that 
y~ nn_ l /n !  x 3 = - (2n)-~enn-~. 
Since O(t)= e 2t in this case, it follows from Theorem 1 and relation (3.2) and 
(3.5) that 
F = ze 2F G = e F, and H = G + ½zG'., 
From this we readily conclude, upon appealing to Lagrange's inversion formula 
[5; p. 148] that 
1 m _3  Fm=(2m)m-~/m!-(8n)-~(2e) m ~, Gm=(2m+ 1)m-X/mt-e½Fm, 
and 
nm = ½(m + 2)Gm ~ ½e½mF,,. 
These asymptotic relations agree with relations (3, 3), (3.4), and (3.6) with v = ½ 
and 6 = (2e) -~. (We remark that in this particular ease it is not difficult to derive 
the formulas for Fm and Gm directly by appealing to a result on the number of 
labelled trees that contain a given aeyclic graph [11, p. 52].) 
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Now let 3~ denote the family of rooted plane trees (see, e.g., [14, p. 197] or [7, x 
p. 67]). Then Y = x(1 - y ) - i  and 
= __ -- n - -1  --.2 
Y,, n \ n_  l /~g  ~4 n . 
In this case O(t) = (1 - 0 -3, so 
F =z(1 - F )  -3, 
Appealing again to Lagrange's formula, we find that 
1 (4m-2~ 
Fm =m\m-  1 /~s(6n)-½(a4/33)mm-3 Gm 
and 
G=(1-F )  -1, and H=G+zG' .  
1(  4m ) (4/3)2Fm ' 
mm-1  
Hm = (m + 1)Gm ~ (4/3)2mFm. 
These asymptotic relations agree with relations (3.3), (3.4), and (3.6) with v = 14 
and 6 = 33/44. (We remark that we shall need to use the numbers F,, later in 
estimating the sum of a certain infinite series.) 
4. Rooted unlabelled trees 
Let 3~ now denote the family of rooted unlabelled trees, and let the functions 
Y(x), F(z), and G(z)-be defined as before with respect o this family. We recall 
(see, e.g. [14, p. 149] or [7, p. 52]) that the generating function Y(x) satisfies the 
relation 
f l  O0 
Y(x) = x (1 - xi)-~= x exp ~ y(xi)/i. 
1 1 
(4.1) 
Otter [12] (see also [7, p. 213]) showed that Y(x) has an expansion of the type 
Y(x) = 1 - b(p - x)½ - b2(p - x) - . . .  
in the neighbourhood of p =0.3383. . . ,  where b =2.6811. . .  ; from this he 
deduced that Y, , -cp-"n-~ as n--->oo, where c = ½b(p/=)½ =0.4399 . . . .  We now 
derive a relation for F(z) from which we can determine the asymptotic behaviour 
of  Fm. 
Theorem 3. F(z) = z I-[~ (1 - z ] )  -2F j  = 7. exp 2 ~ F(zO/]. 
Proof. We first observe that G(z) is, in effect, the generating function for 
unordered collections of rooted labelled E-trees; more precisely, Gm is the 
number of such collections in which the total number of nodes involved is 2m (we 
admit the empty collection when m = 0). The generating function for those 
collections that can be formed using only copies of some particular E-tree T2j is 
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clearly 
(1 -z J )  -1 = 1 +z  j +z 2j + . . . .  
Since the trees are unlabelled and the collections are unordered, it follows that 
the generating function for all admissible collections is simply the product of the 
contributions from all the rooted unlabelled E-trees. Hence, 
G(z) = f i  (1 - z0 -6= exp ~ F(zO/j, (4.2) 
1 1 
where, here and elsewhere, the last expression follows upon taking logarithms 
and interchanging the order of summation. (We remark that the foregoing 
argument is just a slight modification of one of the standard arguments [2, p. 39] 
used to establish relation (4.1).) 
To enumerate rooted unlabelled E-trees, we observe as before that such trees 
contain a single 0-branch and all remaining branches are E-branches. Now G(z) 
is the generating function for 0-branches as well as for unordered collections of 
E-branches. Since the trees we are presently enumerating are unlabelled and 
their branches are unordered, it follows that 
F(z) = zG2(z), (4.3) 
where the extra factor z, as before, brings the exponent of z up to one-half the 
number of nodes involved. The required relations for F(z) now follow from (4.2) 
and (4.3). 
We remark that the relation for F(z) given in Theorem 3 is essentially the same 
as the relation for the generating function for the rooted unlabelled oriented trees 
found by Riorden [15, Eq. (43)] (see also [16, p. 157, exer. 24] and [7, p. 60]). 
Thus the rooted unlabelled E-trees with 2m nodes are equinumerous with the 
rooted unlabelled oriented trees with m nodes for m I> 1. It is not difficult to 
define a one-to-one mapping between these sets of trees, but we shall not pursue 
this further here other than to observe that the corresponding unrooted trees are 
not equinumerous. The first few values of F,,, and Gm are given in Table 1 along 
with values of some other numbers we shall be considering. Further values of Fro, 
in effect, are given in [16; p. 138] for m ~< 21. 
We now determine the asymptotic behaviour of the numbers Fro. 
Table 1. 
m 0 1 2 3 4 5 6 7 8 
Fm 1 2 7 26 107 458 2058 9498 
Gm 1 1 3 10 39 160 702 3177 14830 
Hm 1 2 7 30 139 677 3400 17429 90670 
fm 1 1 2 5 15 49 180 701 
h~ 1 1 2 6 20 76 313 1361 6161 
The number of trees with a 1-factor 
~m _3  Theorem 4. Fm-a6  m ~ as m---~oo, where a=0.207861. . .  
0.177099 . . . .  
and 6= 
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Proof. Harary, Robinson, and Schwenk [8] have described a general procedure 
for determining the asymptotic behaviour of the coefficients in a generating 
function such as F(z) when there is a functional relation, such as that given by 
Theorem 3, that expresses F(z) in terms of F(z), F(z2), F(za), . . . .  The 
procedure involves arguing that the function F(z) has a unique singularity (5 on its 
circle of convergence, that F(z) has an expansion of the form 
f ( z )  = F(6) -d (6  - z)½ + d2(6 - z) + d3(6 - z)~ +. - .  (4.4) 
in the neighbourhood of 6, and that, as a consequence, Fm ~ a6-mm -~ as m--> 0% 
1 1 where a = ~d(6/n)~. The steps involved in applying the procedure in the present 
case are quite similar to the corresponding steps in the cases illustrated in [8], so 
we shall mention briefly only those particular steps that pertain to determining 
the numerical values of 6, d, and a. 
Consider the functional relation P(z, u) = 0, where 
P(z, u) = z exp 2(u + ~ F(zJ)[j) - u. 
2 
The argument in [8, p. 487, Step 7] shows that P,,(6, F(6)) = 0. Since P,,(z, u)= 
2u - 1, it follows that F(6) = ½; hence, 6 I-IF (1 - ~)-2~ = ½ byTheorem 3. If we 
use the inequalities 
e t < (1 - t )  -1  < e t/(1-t) 
to estimate the factors for which j >I k in this product, we find ti~at 
k--1 
(6 exp(1/(1 - dik))) -1 1-[ {(1 -- 6/)exp(t~/(1 -- 6k))} 2~ 
1 
k -1  
<2 < (6e) -1 1--[ {(1 - 6 J )exp(6 J )}  2Fj 
1 
for k = 1, 2, . . . .  The case k = 8 of these bounds is sufficient o show, say, that 
0.177099 < 6 < 0.1770995. 
To determine the value of d, we first observe that it follows from Theorem 3 
that 
where 
zF'(z)(1 - 2F(z))  = F(z)Q(z), 
oo 
Q(z) = 1 + 2 ~'~ zJF'(zJ). 
2 
(4:5) 
Furthermore, it follows from expansion (4.4) that 
lim zF'(z)(1 - 2F(z))  = 6d 2. 
Z....). ~ -- 
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Hence, 
~d'-=IQ(~)=~+ ~F'(O)=~+ mFm'5~( l - - ' sm)  -~. 
2 1 
Towards the end of Section 3 we saw (changing notation slightly) that if S(z) 
denotes the generating function for rooted plane trees with a 1-factor, then 
S(z)  = z ( l  - S(z) ) -3  = ~; (4m - 2~ z2 .  (4.7) 
~ \m- l /  m 
The number of rooted unlabelled E-trees T~,, is clearly bounded above by the 
number of rooted plane E-trees T~,,,. Consequently, 
where 
1 k-1 
6d 2 = 2 + ~ mFm62m(1 _ ~m)--I + Rk, 
1 
(4.8) 
O<Rk < (1 -  6k) - '  ~ (4m-  2~62m 
k km-1 /  
=(1-6k) -1{62S ' (62)  - ~1  (4m -2~62,,, ~
\m- l~ J 
for k = 1, 2, . . . .  It follows from (4.7) that 
zS ' (z )  = S(z ) (1  - S (z ) ) (1  - 4S(z)) -1, 
and this and (4.7) together imply that 62S'(62) < 0.0391364, say. Thus relation 
(4.9) provides a bound for the remainder term in formula (4.8). When we apply 
these relations with k=9,  we find, say, that 0.5429478<6d2<0.5429490, 
whence 0.2078615 <a = ½d(6/~)½ < 0.2078618. [] 
We remark without proof that it follows from relation (4.3) that 
Gm ~ G( (5 )Fm "- (2t~)-½Fm ~ (0.349261...)6-mm-~ 
as m---)~. Furthermore, if H(z)= ~ Hmz m, where Hm denotes the number of 
rooted unlabelled trees T2m+l that contain an independent set of m edges, then it 
can be shown that 
H = G + ½G" (F + zG(z2)) + 2F. (H -  G), 
or that 
H(z) = G(z) + ½G(z)(F(z) + zG(zZ))(F(z)Q(z)) -1" zF'(z), 
upon appealing to (4.5). This implies, by an argument similar to that used in [10, 
p. 152], for example, that 
G(6) 
Hm Q(6) (I + 6G(62))mFm 
= (26)-~d-2(½ + 6G(62))mFm ~ (0.21975...)6-mm -½ 
as m--> oo. 
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5. Unrooted nnlabelled trees 
In what follows Y(x), F(z), and G(z) will denote the same functions as were 
defined in the last section with respect o the family of rooted unlabelled trees. 
Let y(x) = ~ynx" ,  where yn denotes the number of unrooted unlabelled trees T~. 
Otter [12] (see also [7, pp. 57 and 214]) showed that 
y(x) = Y(x) + ½(yE(x) - y(x2)) 
from which he deduced that 
y, - ½b 2on- 1Yn - (0 .5349. . . )p-~n-  ~ 
as n---~ 0o, where b= 2.6811. . .  and p = 0.3383.. .  as before. ~ 
Let f(z)  = ~,~f,,z m, where fm denotes the number of unrooted unlabelled trees 
TErn with a 1-factor. We now derive an expression for f (z)  in terms of the 
generating functions F(z) and G(z). 
Theorem 5. f (z)  - ½(F(z) - Fe(z) + F(Z 2) + zG(z2)). 
Proof. In the present context, Otter's dissimilarity characteristic theorem (see 
[11] or [7, p. 56]) implies that the number of unrooted unlabelled trees T2m with a 
1-factor equals (i) the number of rooted unlabelled trees T2m with a 1-factor 
minus (ii) the number of edge-rooted unlabelled trees T2m with a 1-factor that can 
be constructed by joining the roots of an unordered pair of non-isomorphic 
rooted unlabelled trees T~ and Tb where a + b = 2m. The generating function for 
the trees of the first type is F(z), by definition. 
Now consider any tree T2,,, of the second type. It is easy to see that if a tree has 
a 1-factor, then the 1-fact or is unique[I]; so the edge e that joins the roots of the 
subtrees T~ and Tb of T2m either does or does not belong to the 1-factor of Tem. If 
e does not belong to the 1-factor, then both T~ and Tb must have 1-factors 
themselves. Thus the generating function for trees of the second type in which the 
root-edge does not belong to the 1-factor is ½(F2(z) - F(z2)), bearing in mind that 
T~ and Tb are non-isomorphic E-trees and that their ordering is not taken into 
account. 
If, however, the root edge e does belong to the 1-factor of T2m, then both T~ 
and Tb must be 0-trees; that is, all of their branches must have a 1-factor. Thus 
the generating function for trees of the second type in which the root-edge does 
belong to the 1-factor is ½z(G2(z) - G(ze)). The extra factor z is necessary in this 
case since the roots of the subtrees T~ and Tb that are joined by the edge e would 
not be taken into account otherwise. 
When we combine these observations and express Otter's dissimilarity charac- 
teristic theorem in terms of generating functions and then appeal to relation (4.3), 
we find that 
f ( z )  = F (z )  - ½(F2(z)  - F (z2) )  - ½z(C  (z) -
= ½(F(z)  - F (z) + F (z  + zC (z2)) 
as required. [] 
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~ r t l  _5  Theorem 6. fm " e6 m ~ as m---> % where 
0.177099 . . . .  
e=0.11285. . ,  and 6= 
Proof. If we differentiate both sides of the relation in Theorem 5, multiply by z, 
and apply relation (4.5), we find that 
where 
zf ' (z)  = ½Q(z)F(z) + zR'(z) ,  
Q(z) = 1 + 2 ~ zJF'(z j) and R(z)  = ½(F(z 2) + zG(z2)). 
2 
The function Q (z) has radius of convergence 6 ½ > 6 and it is not difficult to show, 
making use of Theorem 4, that the coefficient of z m in ½Q(z)F(z) is asymptotic to 
½Q(6)Fm as m---> oo (see, e.g. [10, Lemma l(iii)]). The coefficient of z m in zR'(z)  
m/2 1 equals 0 (6 -  m-~)=O(Fm) as m-->oo. Thus it follows from (5.1), (4.6), and 
Theorem 4 that 
qm _3  
mfm"½Q(6)Fm~e6 m 
as m--> ~, where e = ½d3(63/~)  [ - -  0.11285 . . . .  This implies the required result. [] 
Finally, let h(z )= ~'~hm Zm where h m denotes the number of unrooted 
unlabeUed trees T2m+l that contain an independent set of m edges. We remark in 
closing that it can be shown that 
h(z)  = C,(z)(1 - ½F(z) + ½zG(z2)) 
from which it follows that 
hm - ½(26)-½(½ + 6G(62))Fm ~ (0.119314...)6-mm -½ 
as m---> oo. 
Note added in proof 
Additional results on trees with a 1-factor are given by R. Simion, Trees with a 
1-factor; degree distribution, Cong. Num. 45 (1984) 147-159. In particular, he 
has given a direct proof of a result equivalent to the formula for Fm for the family 
of rooted labelled trees in Section 3. 
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